Abstract. The orientation-preservation conditions and approximation errors of a dual-parametric bi-quadratic finite element method for the computation of both radially-symmetric and general nonsymmetric cavity solutions in nonlinear elasticity are analyzed. The analytical results allow us to establish, based on an error equi-distribution principle, an optimal meshing strategy for the method in cavitation computation. Numerical results are in good agreement with the analytical results.
Introduction.
Void formation on nonlinear elastic bodies under hydrostatic tension was observed and analyzed through a defect model by Gent and Lindley [8] . Ball [2] established a perfect model and studied a class of bifurcation problems in nonlinear elasticity, in which voids form in an intact body so that the total stored energy of the material is minimized in a class of radially-symmetric deformations. The work stimulated an intensive study on various aspects of radially-symmetric cavitations (see e.g., Sivaloganathan [19] , Stuart [25] , and a review paper by Horgan and Polignone [10] among many others).
Müller and Spector [16] later developed a general existence theory in nonlinear elasticity that allows for cavitation, which is not necessarily radially symmetric, by adding a surface energy term. Sivaloganathan and Spector [21] deduced the existence of hole creating deformations without the need for the surface energy term under the assumption that the points (a finite number) at which the cavities can form are prescribed. Optimal locations where cavities can arise are also studied analytically [22, 23] and numerically [14] .
Numerically computing cavities based on the perfect model of Ball is very challenging, due to the so-called Lavrentiev phenomenon [11] . Though there are numerical methods developed to overcome the Lavrentiev phenomenon in some nonlinear elasticity problems [1, 3, 12, 17, 18] , they do not seem to be powerful enough for the cavitation problem. On the other hand, some numerical methods (see e.g., [13, 14, 26] ) have been successfully developed for cavitation computation on general domains with single or multiple prescribed defects, based on the defect model or the regularized perfect model [9, 19, 20] . In these models, one considers to minimize the total elastic energy of the form
in a set of admissible functions (1.2) U = {u ∈ W 1,p (Ω ρ ; R n ) is one-to-one a.e. : u| Γ0 = u 0 , det ∇u > 0 a.e.},
where Ω ρ = Ω \ ∪ K i=1 B ρi (a i ) ⊂ R n (n = 2, 3) denotes the region occupied by an elastic body in its reference configuration, B ρi (a i ) = {x ∈ R n : |x − a i | < ρ i } are the pre-existing defects of radii ρ i centered at a i , and where in (1.1) W : M n×n + → R + is the stored energy density function of the material, M n×n + being the set of n × n matrices with positive determinant. In (1.2) Γ 0 denotes the boundary of Ω.
The Euler-Lagrange equation of the minimization problem (1.1) is (see [13] ): (1.4) u(x) = u 0 (x), on Γ 0 . (1.5) A typical class of the stored energy densities considered in the cavitation problem is the polyconvex isotropic functions of the form (1.6) where ω > 0 is a material constant, p ∈ (n−1, n), v 1 , . . . , v n are the singular values of the deformation gradient F , and g : (0, ∞) → (0, ∞) is a C 2 , strictly convex function satisfying (1. 7) g(δ) → +∞ as δ → 0, and g(δ) δ → +∞ as δ → +∞.
For the energy density of the form (1.6), one has:
One of the main difficulties in the computation of the growth of voids is the constraint of orientation preservation, i.e., det ∇u > 0, for extremely large anisotropic finite element deformations. For the conforming piecewise affine finite element, this requirement demands an unbearably large amount of degrees of freedom ( [26] ). In [13, 14, 26] , other finite element methods are proposed to overcome this difficulty, and these methods have shown significant numerical success in the cavitation computation. In particular, Su and Li [24] analyzed the iso-parametric quadratic finite element method applied in [14] . Even though limited to the radially-symmetric cavitation solutions, the result, the first of its kind to our knowledge, nevertheless quantifies the theoretical as well as practical advantages of the method.
In this paper, we will introduce and analyze a dual-parametric bi-quadratic rectangular finite element method for the cavitation computation, including both radiallysymmetric and general nonsymmetric voids' growth, and establish a meshing strategy, which is optimal in the sense that the total number of degrees of freedom is minimized under certain mild constraints. It turns out that, for the cavitation computation, the dual-parametric bi-quadratic rectangular finite element method is definitely much more efficient than the iso-parametric quadratic triangular finite element method, especially when the prescribed defects are very small. In fact, in the radially-symmetric case, the optimal mesh of the new method is essentially solely determined by the approximation accuracy, while the orientation-preservation condition plays a leading role in the iso-parametric finite element method in the vicinity of the void.
We would like to point out that, even though our analysis in the present paper is focused on the problem defined on the unit ball with only one-prescribed-defect in the center, the result should work also for general multiple-prescribed-defects problems, since in general the cavitation solution is highly stressed only locally in a neighborhood of each defect, where our method applies, while elsewhere the stress field is finite and the standard method of finite element analysis applies. The important issue of the error estimate for the finite element cavitation solutions is not touched here in this work and it remains, to the knowledge of the authors, an open problem, even for the radially-symmetric case where the cavitation solution can be characterized by a boundary value problem of an ordinary differential equation. The main difficulties are: (1) the elastic energy W (F ) is non-convex, and lacks certain kind of coerciveness; (2) there is no monotonicity or other useful structures in the stress D F W (F ); (3) the material subjects to very large anisotropic deformation. For more discussions in this aspect, we refer to [4, 5, 6, 7] . However, based on our numerical results, it seems reasonable to conjecture that, with some more delicate manipulations and calculations than we have done here, such a result could be established.
The structure of the paper is as follows. In § 2, we introduce the dual-parametric bi-quadratic rectangular finite element. § 3 is devoted to deriving the orientationpreservation conditions on the mesh distributions. In § 4, we present some results on the interpolation errors of the cavitation solutions. An optimal meshing strategy is established in § 5. Numerical results are presented in § 6. The paper is ended with some concluding remarks in § 7.
2. Dual-parametric bi-quadratic finite element. For simplicity, we restrict ourselves to a simplified problem with Ω ϵ0 = B 1 (0) \ B ϵ0 (0) in R 2 . Let (T ,P ,Σ) be a standard bi-quadratic rectangular element as shown in Figure 1 (a) (here n = 2), wherê
It is easily seen that F T is an injection, thus T = F T (T ) defines an element. Now define the dual-parametric bi-quadratic finite element (T, P T , Σ T ) as follows
3. On the orientation-preservation conditions. Let J be a subdivision on Ω ϵ0 as Figure 2(a) . A typical curved element in a prescribed circular ring with inner radius ϵ and thickness τ is shown in Figure 2 (b) . Let N be the number of the evenly spaced elements on each layer. Then, the dual-parametric bi-quadratic finite element function space is given by where Γ 0 = ∂B 1 (0). We are concerned with the orientation preservation of large expansion dominant finite element deformations around a small prescribed void. Without loss of generality, we restrict ourselves to the curved rectangular element as shown in Figure 2 (b), for which F T can be simplified as
It is easily verified that det ∇x = det
Let u be the cavitation solution, and let J be a given mesh (see Figure 2 (a)) consisting of well defined curved rectangular elements. To have u well resolved by functions in the finite element function space defined on J , a necessary condition is that the finite element interpolation function Πu(x) is an admissible function, i.e., det ∇Πu(x) > 0 on each of the curved rectangular elements. We will investigate in this section the conditions that ensure det ∇Πu(x) > 0 for smooth deformations 
Moreover, the error between the Jacobian determinants of ∇u(x) and ∇Πu(x) is given by
Then the dualparametric bi-quadratic finite element interpolation function can be written as
with X k being bi-quadratic functions of the form
, where some of them are given in two ways for the convenience of later manipulations in (3.18)-(3.21). On the representative element given by (3.1), regarding u k (x) as a function of R and θ, and making Taylor expansions at appropriate points, we obtain
similarly,
Hence, by definition
where, by (3.6), (3.8), (3.10), (3.10), (3.13), (3.13), we have
and by (3.5), (3.7), (3.9), (3.12), (3.14), (3.15), we have
and similarly, we have
It is easily verified that, in (3.5)-(3.15) as well as (3.18)-(3.21), the constants in
which yields the first part of the conclusion. Estimate (3.2) is a direct consequence of (3.21) and the fact that det 
. As a consequence of Theorem 3.1, we see that, for a general cavity deformation, the interpolation function is orientation-preserving on a mesh
then the interpolation function Πu(x) preserves orientation on the circular ring Ω (ϵ,τ ) . Moreover, if
Proof.
) .
Since r(R) is increasing and convex, it is easily seen that C(
Hence, the first part of the theorem follows.
Making a Taylor expansion of r(ϵ),
Thus, it follows from det( [24] ). As a consequence, we see that, for the dual-parametric bi-quadratic finite element method, the orientation preservation adds no further restrictions on the number of elements N on an annular ring, which means that a much smaller number of total degrees of freedom is required as compared with the methods in [24, 26] .
Interpolation errors of cavity deformations.
In this section, the interpolation errors are estimated, including those on the interpolation function and the elastic energy in the dual-parametric bi-quadratic finite element function spaces defined on the meshes described in § 3. Throughout this section, u(x) is supposed to be a smooth cavitation deformation in the regularized domain Ω ϵ0 , and p is a real number satisfying 1 < p < 2. We also assume that the meshes are so given that Theorem 3.1 holds.
The error of the interpolation function. Letx = F −1
T (x) ∈T , where x ∈ T is a point on the mesh. We will estimate, in this subsection, the errors between u(x) and its interpolation function Πu(x).
Theorem 4.
Under the assumptions of Theorem 3.1, the error between a cavity deformation u(x) and its interpolation function Πu(x) satisfies
Proof. For a typical element as used in § 3, denote X = Πu(x) = (X 1 , X 2 ), where x = F T (x). With the same notation as used in Theorem 3.1, and making Taylor expansions at appropriate points, one gets
. Hence, the conclusion follows. 
Proof. On a representative element as shown in Figure 2( ) .
Then, it follows from (4.3), (3.18) and (3.19) that
As a consequence
, which completes the proof, since 1 < p < 2. (Ω (ϵ,τ ) ) be a dual-parametric bi-quadratic finite element division of Ω (ϵ,τ ) consisting of only one layer of evenly distributed elements, denoted by T j , j = 1, · · · , N . For the energy density function of the form (1.6), denote E(u; Ω (ε,τ ) ) = E 1 (u; Ω (ε,τ ) ) + E 2 (u; Ω (ε,τ ) ) with
The error on the elastic energy. Let J
and let err(E i (Πu; Ω (ϵ,τ ) )) = |E i (Πu; Ω (ϵ,τ ) ) − E i (u; Ω (ϵ,τ ) )| be the absolute interpolation error of E i (u; Ω (ϵ,τ ) )), i = 1, 2, respectively. We have the following result. 
where A(ϵ, τ ) is defined as (4.6). Moreover, if there exist positive constants O(A(ϵ, τ ) ), so that we deduce (4.7). In view of (4.3), we find that
Obviously, the first term will lead to a relative error of the order O(τ 2 + τ N −2 + N −3 ) to the first part of the energy E 1 . What remains to consider is the second term. Applying the Hölder inequality, we deduce that
Applying the Hölder inequality again yields
Hence, we obtain
which together with (4.7) yields (4.8).
On the other hand, by (3.2) and the fact that g is strictly convex, 
For the radially-symmetric solution, it follows from (3.25) that
Thus, by (3.26) and the facts that r(R) ≥ r(0) > 0 and r ′ (R) ≤ M R, one gets
∂Πu ∂x
It follows that
On the other hand, by (3.24) and with similar arguments as in the proof of Theorem 4.3 (see (4.15)), one has that
Recalling that
we obtain
which completes the proof. 
A meshing strategy. The aim of this section is to establish, for a given reference mesh size
Finally, assuming an optimized distribution of layers is given, then, condition C4 can be achieved easily by taking the least admissible N i , 0 ≤ i ≤ m. It is in this sense that the total degrees of freedom are minimized.
For given positive constants
the analysis above leads to the following meshing strategy satisfying C1-C4 for non-radially-symmetric cavitation solutions.
A meshing strategy of
, and
is determined as follows:
1. 
which is a consequence ofÑ m ∼ 1/h and N i ≥Ñ m .
To estimate the total degrees of freedom, we need the following lemma.
, where C 1 > 0, C > 0 and 1 < p < 2 are given constants. Then, there exist positive constants a 1 < a 2 independent of h <h 0 = min{
Proof. Since x ≥ 0 and 1 < p < 2, it follows that
2−p and 0 < η < x p−2 Ch < Cs −1 , thus, we have
By the definition of s, this leads to f (x) > 0. On the other hand, for
, which is the bigger root of the equationf (x) = 0. The proof is completed by taking
be the constants given in Lemma 5.3 and Theorem 5.2 respectively. For given
be defined by the meshing strategy with h <h 1 
where
where N 0 andÑ m are given as in the meshing strategy (1) .
Proof. By Lemma 5.3,
Let ϵ m2 be the smallest ϵ i such that ϵ i ≥ a 2 h 
Ch
is an integer;
Next, we estimate m 2 − m 1 . By the definition of m 1 , 
Ch is an integer;
Then, it is easily verified that ϵ i < 1, for all i ≤ j 0 . Hence, by the definition of m, we conclude m ≥ j 0 , which implies (5.7), since m 2 ≥ 1 and
It is worth noticing that there are two solution-dependent constants C 1 and C 2 , which are not known a priori, used in the meshing strategy. In applications, we can always start with
and C 2 :=Ñ m ϵ 1/2 0 , which are the least C 1 and greatest C 2 such that the orientation-preservation conditions will practically not affect the mesh produced. It is of vital importance to know what would happen if the constants are not properly given, and how to adjust the mesh in an a posteriori fashion so that the conditions C1-C4 are satisfied in the end. To specify this, we present below two examples in both the radially-symmetric and the nonsymmetric cases, where the energy density is given by (1.6) with p = 3/2, ω = 2/3, and g(x) = 2 −1/4 ( 
Numerical experiments and results.
In our numerical experiments, the energy density is given by (1.6) with p = 3/2, ω = 2/3, and g(x) = 2
(0) with a displacement boundary Γ 0 = ∂B 1 (0) and a traction free boundary Γ 1 = ∂B ϵ0 (0), and the meshes used are shown in Table 3 and Table 4 , which are produced by the meshing strategy with C = 2, C 1 = 0.9, A = 0.8 for ϵ 0 = 0.01, ϵ 0 = 0.0001 and various h. It happens that, in all these meshes, N i = N h = A/h on each of the m + 1 mesh layers. Figure 3 shows that the total degrees of freedom N d is basically a quadratic function of h −1 . 
, which is even better than our energy error estimate on the interpolation function (see (5.4) ). In Figure 5 and A comparison between W 1,p errors of the iso-parametric triangular FEM ( [24] ) and the dual-parametric bi-quadratic FEM is also shown in Figure 6 , which demonstrates that the latter should be a more efficient method in cavitation computations. T . The numerical results for λ 1 = 2.5, λ 2 = 2.0, ϵ 0 = 0.01 obtained on the mesh given in Table 3 are shown in Figure 7 - Figure 10 . Figure 7 shows the numerical solution with h = 0.02, where the cavity is seen to be approximately an ellipse. The convergence behaviors of the energy, semi-major axis, and semi-minor axis of the cavity, with respect to the mesh size h, are displayed respectively in Figure 8 , Figure 9 (a) and Figure 9 
Conclusion.
We derived the orientation-preservation conditions and interpolation errors of the dual-parametric bi-quadratic rectangular FEM for both radiallysymmetric and general non-symmetric cavity solutions, which is the first theoretical result of its kind in this field, and established an optimal meshing strategy for the method in computing void's growth based on an error equi-distribution principle. We would like to emphasize here that, even though there are two a priori unknown solution dependent constants C 1 and C 2 involved in the meshing strategy, we can always make a posteriori adjustments so that the strategy works well (see § 5 for details). Numerical results obtained on the meshes produced by our meshing strategy verified the efficiency of the method. In fact, our numerical experiments showed that the convergence rates of the finite element cavitation solutions are in good agreement with our interpolation error estimates, and the total degrees of freedom needed for the method to achieve a given level of approximation accuracy is of an optimal order, and is much less than that of the iso-parametric quadratic triangular FEM in practical cavitation computations.
